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CombAlign: Enhancing Model Expressiveness in
Unsupervised Graph Alignment

Songyang Chen , Yu Liu , Lei Zou , Zexuan Wang , and Youfang Lin

Abstract—Unsupervised graph alignment finds the node corre-
spondence between a pair of attributed graphs by only exploiting
graph structure and node features. One category of recent studies
first computes the node representation and then matches nodes
with the largest embedding-based similarity, while the other cate-
gory reduces the problem to optimal transport (OT) via Gromov-
Wasserstein learning. However, it remains largely unexplored in the
model expressiveness, as well as how theoretical expressivity im-
pacts prediction accuracy. We investigate the model expressiveness
from two aspects. First, we characterize the model’s discrimina-
tive power in distinguishing matched and unmatched node pairs
across two graphs. Second, we study the model’s capability of
guaranteeing node matching properties such as one-to-one matching
and mutual alignment. Motivated by our theoretical analysis, we
put forward a hybrid approach named CombAlign with stronger
expressive power. Specifically, we enable cross-dimensional feature
interaction for OT-based learning and propose an embedding-
based method inspired by the Weisfeiler-Lehman test. We also
apply non-uniform marginals obtained from the embedding-based
modules to OT as priors for more expressiveness. Based on that,
we propose a traditional algorithm-based refinement, which com-
bines our OT and embedding-based predictions using the ensemble
learning strategy and reduces the problem to maximum weight
matching. With carefully designed edge weights, we ensure these
matching properties and further enhance prediction accuracy. By
extensive experiments, we demonstrate a significant improvement
of 14.5% in alignment accuracy compared to state-of-the-art ap-
proaches and confirm the soundness of our theoretical analysis.

Index Terms—Unsupervised graph alignment, model express-
iveness, gromov-wasserstein discrepancy, graph learning.

I. INTRODUCTION

THE unsupervised graph alignment problem predicts the
node correspondence between two attributed graphs

without any pre-aligned node pairs (i.e., anchors). It has a wide
range of applications, including linking the same identity across
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different social networks [1], [2], matching scholar accounts
between multiple academic platforms [3], [4], matching the
protein networks from different species [5], [6], computing the
graph edit distance between graphs [7], and various computer
vision tasks [8], [9]. For instance, cross-species analysis of
biomolecular networks finds the node matching between gene
co-expression networks, protein-protein interaction networks,
or metabolic networks in the unsupervised setting [10]. In
real-world scenarios, given the substantial structural disparities
among the nodes to be aligned, as well as the difficulty in
obtaining pre-aligned node pairs, unsupervised graph alignment
is both important and challenging.

Significant research efforts have been dedicated to the unsu-
pervised graph alignment problem. Early work [11], [12], [13]
often formulates the task as the maximum common subgraph
isomorphism or the quadratic assignment problem, of which
the complexities are NP-hard. In recent years, learning-based
methods have garnered increasing attention, surpassing tradi-
tional solutions in terms of alignment accuracy. One prominent
category of them [14], [15], [16] relies on the “embed-then-
cross-compare” paradigm. These methods first learn the em-
bedding of each node in both graphs by exploiting the graph
structure and node feature information, for example, with graph
neural networks (GNNs). Then, two nodes are matched if their
embeddings are close according to some specific metric such
as cosine similarity [16]. However, for the unsupervised sce-
nario, it is non-trivial to design an optimization objective that is
fully suitable for the graph alignment task without any known
node correspondence, which poses challenges for learning high-
quality embeddings. The most recent work [16] employs a
parameter-free approach without an explicit objective to achieve
state-of-the-art performance. Another recent line of research [5],
[17], [18], [19], [20] generally models the graph alignment
problem via optimal transport (OT) and achieves promising
accuracy due to its well-defined objective. Given the marginal
distributions on two finite sets and a predefined transformation
cost between them, the OT problem finds the joint distribution
to minimize the total transport cost [21]. It has been shown that
unsupervised graph alignment can be reduced to OT with the
help of Gromov-Wasserstein (GW) discrepancy [5], [17], [22],
which shares similar ideas with node alignment [5], [17]. For
approaches of this paradigm, the crux lies in the definition of
pairwise cost within each graph (i.e., intra-graph cost), then
the transport cost (i.e., inter-graph cost) is computed accord-
ingly. We have witnessed an increasingly sophisticated design
of intra-graph cost [5], [17], [19] for better matching accuracy.
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Fig. 1. Illustration of model expressiveness for graph alignment, where (a) denotes the model’s capability of separating matched and unmatched node pairs,
while (b) & (c) showcase two disadvantages of pure learning-based approaches, i.e., one-to-many prediction regardless of the one-to-one matching constraint, and
the inconsistency between row and column-wise alignment.

Unfortunately, it remains largely unexplored for the theoretical
capability of deep learning-based solutions.

Discriminative Power: We first investigate the model ex-
pressiveness for unsupervised graph alignment in the ability to
distinguish matched and unmatched node pairs. As shown in
Fig. 1(a) where ui is assumed to align to vi for i ∈ {1, . . . , 5},
we see both embedding and optimal transport-based methods
as learning a (parameterized) function f that maps two nodes
in different graphs to their matching probability. We generalize
existing approaches [5], [14], [16], [17] and focus on ranking
matched node pairs above the unmatched ones by the matching
probabilities. Please note that the model’s accuracy is closely
related to the discriminative power of f .

Node Matching Properties: We regret to find that two major
disadvantages exist with pure learning-based approaches, which
violate the property of graph alignment and deteriorate the
accuracy. On the one hand, we note that the one-to-one matching
constraint is forced in scenarios such as the alignment of the
protein-protein interaction networks [23] because the conserved
functional modules must be uniquely mapped. Although being
the de facto setting for most studies [5], [15], [16], [17], [19],
[24], [25], [26], [27], [28], [29], these methods typically pro-
duce one-to-many predictions (Fig. 1(b)) since they compute
a matrix of matching probability for every pair of nodes and
then take the row/column-wise maximum as the prediction. On
the other hand, as aligned nodes are paired up in nature, the
alignment is mutual (i.e., bidirectional). However, predicting the
alignment directly via a probability-based approach might lead
to inconsistency. As shown in Fig. 1(c), for node u, its matched
node (i.e., v) should be aligned to another node u′ according
to the alignment probabilities. We tackle these disadvantages of
pure learning-based approaches to enhance model’s theoretical
soundness and prediction accuracy.

Motivated by our viewpoint of model expressiveness, we
improve the graph alignment process in the following aspects,
and present a model framework named CombAlign to unify
them in a principled way.

Enhancing the discriminative power of OT-based learning:
First, we enhance the optimal transport-based paradigm [5],
[17], [19], which has a well-defined objective, by incorporating
feature transformation along with the well-adopted feature prop-
agation [17], [19] in the transport cost design of GW learning. We
prove that more discriminative power is obtained by enabling the
cross-dimension mixture of features, which helps to distinguish

matched and unmatched node pairs. As shown in Section V,
with this single optimization, our model outperforms existing
OT and embedding-based state-of-the-art.

Enhancing the discriminative power with WL: Second, in-
stead of proposing complicated heuristics (e.g., [16]) under
the embedding-based framework, we opt for a simple yet ef-
fective approach by using parameter-free GNNs to simulate
the Weisfeiler-Lehman (WL) algorithm [30]. We also exploit
embedding-based prior knowledge to improve the well-formed
OT objective, more specifically, we compute non-uniform
marginals for OT, a vital input to the learning process. The
learning algorithm is proved to be more expressive by optimizing
an orthogonal aspect to feature transformation.

Guaranteeing node matching properties with improved ac-
curacy: Third, to solve the disadvantages in Fig. 1(b) and (c),
we reduce graph alignment to the maximum weight matching
problem [31], [32] by properly establishing a set of weighted
edges between two node sets. To define the edge weights, which
determine the matching accuracy, we combine the predictions
of our OT and embedding-based procedures via an ensemble
learning strategy [33], [34] named stacking. Our model not only
guarantees the matching properties but also improves prediction
accuracy by combining the best of both worlds.

Our contributions for the unsupervised graph alignment prob-
lem are summarized as follows:
� We combine optimal transport and embedding-based ap-

proaches to improve the model expressiveness in distin-
guishing matched and unmatched node pairs. In particular,
we demonstrate the necessity of feature transformation and
non-uniform marginals in the learning process.

� We transform unsupervised graph alignment into a maxi-
mum weight matching problem with an ensemble learning
strategy to integrate embedding and OT-based predictions.
This not only ensures important matching properties but
also enhances prediction accuracy.

� We propose CombAlign, a unified framework for unsu-
pervised graph alignment to fully integrate the advantages
of embedding-based, OT-based, and traditional algorithm-
based solutions.

� Extensive experiments are conducted to evaluate our al-
gorithm against both embedding and OT-based state-of-
the-art. Our method improves alignment accuracy by a
significant margin, while a detailed evaluation shows the
effectiveness of each proposed module.
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II. RELATED WORK

Unsupervised Graph Alignment: Classic graph alignment
methods, such as EigenAlign [11], formulates the problem
as a Quadratic Assignment Problem [12], which considers both
matches and mismatches and solves it by spectral decomposi-
tion of matrices. Meanwhile, LREA [35] addresses the problem
by solving a maximum weight bipartite matching problem on
a low-rank approximation of a node similarity matrix, and
GRASP [36] treats the problem as a special case of finding
a mapping between functions on graphs with the linear as-
signment algorithm. Recently, the research focus has shifted
towards learning-based methods, which predict an alignment
matrix indicating the matching probability for every node pair.
Existing unsupervised solutions can be roughly divided into two
categories. The first category, referred to as “embed-then-cross-
compare” [14], [15], [16], [37], [38], [39], tackles the problem
by first generating node representation for both graphs, e.g.,
using GNNs. Then, the alignment probability is computed by
specific similarity measures based on node embeddings, e.g.,
the cosine similarity [14], [16]. In particular, GAlign [14] in-
corporates the idea of data augmentation into the learning objec-
tive to obtain high-quality node embeddings. GTCAlign [16]
further simplifies GAlign by using a GNN with randomized
parameters for node embedding computation. Another recent
work [15] conducts unsupervised graph alignment via the idea
of generative adversarial networks (GANs).

Instead of designing sophisticated alignment rules based
on node embeddings, the second category is known as
optimal transport (OT)-based approaches. They share the
well-defined objective of minimizing Gromov-Wasserstein dis-
crepancy, which predicts the alignment probabilities given the
transport cost between node pairs. These methods mainly differ
in the specific form of the learnable transport cost. GWL [5] is
the first work following this paradigm with predefined cost and
incorporates Wasserstein discrepancy and reconstruction loss
for regularization. As the state-of-the-art approach, SLOTAl-
ign [17] extendsGWL by multi-view structural modeling, which
includes the linear combination of adjacency information, node
features, and feature propagation. UHOT-GM [19] generalizes
this idea with the notion of multiple and cross-modal alignment.
The most recent work, HLOT [20], introduces hypergraph for-
mulation to enrich inter-node relationships by modeling higher-
order dependencies.

Semi-Supervised Graph Alignment: Unlike unsupervised
graph alignment, with a set of anchor node pairs as input, the
main idea of semi-supervised methods is to fully utilize the
anchor information. A line of consistency-based algorithms [4],
[6], [25], [40] are proposed to first define the neighborhood
topology and attribute consistency followed by devising a pro-
cedure to propagate the anchor information across graphs, e.g.,
via Random Walk with Restart (RWR). Follow-up works resort
to embedding-based approaches [26], [27], [28], [29], [41],
[42], [43], [44], i.e., by learning node embeddings to make the
anchor pairs close while preserving the graph structure in the
latent space. Recently, several OT-based methods have attracted
considerable attention. Ref. [24] leverages optimal transport to

TABLE I
TABLE OF NOTATIONS

model the problem through alignment consistency, while [45]
employs adaptive optimal transport by designing a learnable cost
matrix, thereby achieving improved accuracy.

Knowledge Graph Entity Alignment: A similar problem has
been extensively studied [46], [47], [48], which aligns the en-
tities across knowledge graphs [49]. For this problem setting,
both topological structures and feature semantics are important.
Building upon optimal transport, FGWEA [50] proposes a fused
Gromov-Wasserstein framework for unsupervised knowledge
graph entity alignment, which effectively integrates structural
and semantic information to achieve robust performance. Re-
cent advances [51], [52], [53] have explored leveraging large
language models (LLMs) to enhance entity alignment with
richer textual information from diverse corpora. Considering
their different problem inputs, we regard recent LLM-based
work as a distinct line of research.

III. PRELIMINARY

Problem Statement: We denote an undirected and attributed
graph as G = (V, E ,X) with node set V of size n, edge set
E represented by the adjacency matrix A ∈ {0, 1}n×n, and
X ∈ Rn×d corresponding to the node feature matrix with d-
dimensional attribute vectors. We list the frequently used nota-
tions in Table I.

Definition 1 (Unsupervised Graph Alignment): Given source
graph Gs and target graph Gt, without any known anchor node
pairs, unsupervised graph alignment returns a set of matched
node pairsM. For each node pair (ui, vk) ∈M, we have ui ∈
Gs and vk ∈ Gt.

We assume thatn1 = |Vs|, n2 = |Vt|, andn1 ≤ n2 w.l.o.g. In
particular, we focus on the setting of one-to-one node alignment,
following most existing studies [5], [14], [15], [16], [17], [19],
[24], [26]. That is, every node can appear at most once in
M. Instead of directly computing M, existing learning-based
approaches [5], [14], [15], [16], [17], [19] predict an alignment
probability matrix T of size n1 × n2, where T(i, k) denotes
the probability that ui ∈ Gs is matched to vk ∈ Gt. Next, it is
sufficient to setM(ui) = arg maxkT(i, k). Similar to existing
studies [14], [15], [16], [17], [19], this works primarily focuses
on attributed graphs.

Gromov-Wasserstein (GW) Learning: The discrete form of
the Gromov-Wasserstein discrepancy is defined as follows.

Definition 2 (Gromov-Wasserstein Discrepancy (GWD) [5]):
Given the distribution μ (resp. ν) over Vs (resp. Vt), the GW
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Fig. 2. The overall framework of CombAlign. Modules in orange, green, and purple belong to the embedding-based, OT-based, and traditional algorithm-based
approaches, respectively.

discrepancy between μ and ν is defined as

min
T∈Π(μ,ν)

n1∑
i=1

n1∑
j=1

n2∑
k=1

n2∑
l=1

|Cs(i, j)−Ct(k, l)|2T(i, k)T(j, l),

s.t. T1n2
= μ,Tᵀ1n1

= ν. (1)

Here, Cs ∈ Rn1×n1 and Ct ∈ Rn2×n2 are the intra-graph
costs for Gs and Gt, respectively, which measure the similar-
ity (or distance) of two nodes within each graph [22]. We
have

∑n1

i=1

∑n2

k=1 T(i, k) = 1 according to the constraints in
Equation (1), i.e., T is the joint probability distribution over
two node sets, and 1n denotes the all-ones vector in Rn. Let
Cgwd ∈ Rn1×n2 be the inter-graph cost matrix [5], [22]:

Cgwd(i, k) =

n1∑
j=1

n2∑
l=1

|Cs(i, j)−Ct(k, l)|2T(j, l). (2)

The above definition of Cgwd can be interpreted as follows.
Noticing that Equation (1) can be reformulated as

〈Cgwd,T〉 =
n1∑
i=1

n2∑
k=1

Cgwd(i, k)T(i, k). (3)

To minimize this objective with the constraints of T, a negative
correlation between the values of Cgwd(i, k) and T(i, k) is
encouraged [21]. More precisely, for likely matched node pairs
(ui, vk) and (uj , vl), |Cs(i, j)−Ct(k, l)|2 should be small, i.e.,
the values of Cs(i, j) and Ct(k, l) are close [5], [17].

The Optimal Transport (OT) Problem: Actually, Equation (3)
can be interpreted via optimal transport. Given C ∈ Rn1×n2

which represents the cost of transforming probability distri-
bution μ to ν, we compute the joint probability distribution
T ∈ Rn1×n2 so that the total transport cost is minimized. It can
be solved by the Sinkhorn algorithm [54], [55] via an iterative
procedure. With learnable cost, existing solutions [5], [17], [19]
adopt the proximal point method [56] to reduce GW learning to
OT and to learn the alignment probability and parameters in the
cost term jointly.

IV. OUR PROPOSED MODEL

A. Model Overview

As shown in Fig. 2, given two graphs Gs and Gt, Com-
bAlign first predicts the node alignment by two separate
approaches. The WL-then-Inner-Product (WL) module computes
the embedding-based alignment probabilityTWL by simulating
the Weisfeiler-Lehman (WL) algorithm. Specifically, we employ
parameter-free graph neural networks (GNNs) to derive node
representations Hs and Ht, and then compute their cosine
similarity to obtain TWL. On the other hand, the Gromov-
Wasserstein Learning with Feature Transformation (GRAFT)
module computes an OT-based prediction TGW with feature
propagation & transformation followed by GW learning. It
also interacts with the Non-Uniform Marginal (NUM) module to
obtain the marginal distributions over the two node sets, which
partially relies on the WL module. Given both predictions TWL

andTGW , theCombinemodule employs the maximum weight
matching, a traditional algorithm with enhanced weight setting
strategies, and returns the matched node pairsM. Please note
that without the Combine module, our model is end-to-end by
using the alignment probability TGW as prediction. In Algo-
rithm 1, we list the overall process of CombAlign.

Our model framework design is backed by theoretical mo-
tivations. In the following, we formally demonstrate that the
GRAFTmodule (more specifically, feature propagation & trans-
formation) enhances the model’s capability of ranking matched
node pairs above the unmatched ones (Theorem IV.1 and
Corollary IV.2). Our choice of non-uniform marginals (i.e., the
NUM module) is supported by Theorem IV.3, improving model
expressiveness from a different perspective. Finally, we guaran-
tee the Combine module (with Theorem IV.4) to achieve the
desired node matching properties, which also boosts alignment
accuracy.

B. Improving Model’s Discriminative Power

We elaborate on the designed modules by focusing on their
discriminative power for graph alignment. We first introduce
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Algorithm 1: The CombAlign Algorithm.

Input: Attributed graphs Gs(As,Xs) and Gt(At,Xt)
Output: The set of predicted node matchingM
1: TWL ← WL(Gs,Gt); // Algorithm 4
2: μ,ν ← NUM(TWL); // Algorithm 5
3: TGW ← GRAFT(Gs,Gt,μ,ν); // Algorithm 3
4: M← Combine(TWL,TGW ); // Algorithm 6
5: returnM;

the GRAFT module followed by the WL and NUMmodules as the
latter two further enhance the expressiveness of the former.

1) The GW Learning (GRAFT) Module: It comprises
embedding-based feature propagation and transformation fol-
lowed by the GW learning step with the idea of OT.

Feature Propagation and Transformation: As pointed out
by [17], for OT-based approaches, the alignment quality heavily
depends on the specific design of intra-graph costs Cs and Ct.
Representative methods [5], [17], [19] integrate graph structures
and node features as the following equation:

Rp = gprop(Ap)Xp, p = s, t, (4)

where gprop(·) is a general function without learnable param-
eters. For example, we can set it to the standard propagation
of GCN [57], i.e., gprop(A) = D̃−

1
2 ÃD̃−

1
2 with D̃ = Ã1 and

Ã = A+ I. We use Rs ∈ Rn1×d and Rt ∈ Rn2×d to denote
the result embedding matrices and refer to the process as feature
propagation.1

We observe that this step only enables the propagation of
features between a node and its neighbors in a dimension-by-
dimension manner. However, interaction across different feature
dimensions is not considered, which is also important, for exam-
ple, when two feature dimensions share similar semantics. We
put forward feature transformation, which is widely adopted by
classical GNNs [57], [58], [59] and is formulated as

Zp = fGNN (Ap,Xp,W), p = s, t. (5)

Here, fGNN is a learnable function, andW denotes the learnable
transformation matrices and is shared by two graphs, which
enables feature interaction across dimensions. The following
theorem demonstrates that, within the GW learning framework,
the adoption of a single transformation layer for feature interac-
tion enhances the discriminative power of the intra-graph cost
matrices. Refer to all proofs in the Appendix.

Theorem IV.1: We are given the graph structures As,At

and node features Xs,Xt as input. Denote feature propagation
as Rp = g(Ap)Xp, p = s, t, where g(·) is a function with-
out learnable parameters. Denote the additional linear trans-
formation as Zp = RpW, where W ∈ Rd×d is the learnable
matrix. Assume that we set the intra-graph cost matrices as
C′p = RpR

ᵀ
p and Cp = ZpZ

ᵀ
p for p = s, t, respectively, and

let (ui, vk), (uj , vl) ∈M∗ and (uj′ , vl) /∈M∗ where M∗ is
the ground truth. Then, there exists a case that |C′s(i, j)−

1Note that [17] uses parameter-free GNN to denote this process. In this
paper, we propose strict definitions for both terms and formally analyze their
differences.

Algorithm 2: Feature Propagation and Transformation
(FeatProp&Trans).

C′t(k, l)| = |C′s(i, j′)−C′t(k, l)| and |Cs(i, j)−Ct(k, l)| 	=
|Cs(i, j

′)−Ct(k, l)|.
Moreover, we show that the discriminative power of our

problem is closely related to that of GNNs (e.g., [59]).
Corollary IV.2: Given two GNNs fGNN and f ′GNN for fea-

ture propagation & transformation, where the expressive capa-
bility of fGNN is strictly more powerful than that of f ′GNN .
Denote by C and C′ the intra-graph costs derived from fGNN

and f ′GNN , respectively. Then, our method has more discrimina-
tive power of ranking matched node pairs above the unmatched
ones with C.

Motivated by the theoretical results, we employ three specific
GNN models for feature propagation and transformation:
� Lightweight GCN [60] (single linear transformation):

Z = Concat(X,PX, . . . ,PKX)W,P = D̃−
1
2 ÃD̃−

1
2 . (6)

� Graph Convolutional Network (GCN) [57]:

Z(k+1) = σ(PZ(k)W(k+1)), k ∈ [0,K − 1]. (7)

� Graph Isomorphism Network (GIN) [59]:

Z(k+1) = MLP(k+1)((1 + ε(k+1))Z(k)

+AZ(k)), k ∈ [0,K − 1]. (8)

For GCN and GIN, we use the skip connection to combine
node embeddings of all layers: Zp =

∑K
k=1 Z

(k)
p , p = s, t. The

pseudocode is shown in Algorithm 2.
Gromov-Wasserstein Learning: Given the cost matrices as

input, we follow the well-adopted approach in [5], [17], [19]
by employing the proximal point method [5], [56] and reduc-
ing the learning problem to optimal transport [54]. Denote
by L(T,β,W) the learning objective in Equation (3), where
β = (βs,βt) is the learnable coefficients to combine multiple
terms for the intra-graph cost andW denotes the parameters in
feature transformation. We update T and Θ = {β,W} by the
proximal point method and gradient descent, respectively.

Θ(i+1) = argmin{
∇ΘL(T(i),β(i),Θ(i))ᵀΘ+

1

2τΘ
‖Θ−Θ(i)‖2

}
,

T(i+1) = argmin{
∇TL(T

(i),β(i),Θ(i))ᵀT+
1

τT
KL(T‖T(i))

}
. (9)
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Algorithm 3: Unsupervised Gromov-Wasserstein Learning
With Feature Transformation (GRAFT).

Note thatKL(·||·) is the Kullback-Leibler divergence, and τΘ =
(τβ , τW ) is the learning rates for updatingβ andW , respectively,
while τT is the regularization coefficient in the Sinkhorn algo-
rithm. It can be proved that with the simplified version of feature
transformation, e.g., by adopting the lightweight GCN, the GW
learning procedure theoretically guarantees the convergence
result as in [5], [17] (Cf. Appendix).

The pseudocode of the GRAFT module is demonstrated in
Algorithm 3. We first initialize the OT-based alignment matrix
TGW with the input marginals and set the learnable coefficients
(Line 1). Then, for each iteration (Line 2), we invoke the feature
propagation and transformation process to derive node repre-
sentations (Lines 3-4), based on which the intra and inter-graph
costs are computed (Lines 5-6). The GW learning procedure is
employed (Lines 7-16), which takes the Sinkhorn algorithm [55]
as a subprocedure to iteratively update TGW , an n1 × n2-sized
alignment probability matrix.

2) The WL-Then-Inner-Product (WL) Module: The WL mod-
ule uses a GNN with non-learnable parameters (referred to as
parameter-free GNNs) to simulate the Weisfeiler-Lehman (WL)
test [30]. As demonstrated in Algorithm 4, we use K random
matrices Ŵ(1), . . . ,Ŵ(K) to resemble the hash functions in
WL test (Line 1). Taking node features as input, the algorithm
conducts K layers of graph convolution (Lines 2-3), similar to
the GNN in Section IV-B1 but with non-updated parameters.
We denote by Hs and Ht the node embeddings in order to
distinguish them from those obtained via a learnable GNN

Algorithm 4: WL-Then-Inner-Product (WL).

Input: Gs(As,Xs) and Gt(At,Xt)
Output: Embedding-based alignment probability TWL

1: Initialize non-learnable parameters Ŵ(1), . . . ,Ŵ(K);
2: Hs ← FeatProp & Trans(As,Xs,Ŵ

(1,...,K)) ;
3: Ht ← FeatProp & Trans(At,Xt,Ŵ

(1,...,K));
4: TWL ← Norm(HsH

ᵀ
t );

5: return TWL;

Fig. 3. Illustration of the necessity of non-uniform marginals.

(i.e., Zs and Zt). The embedding-based alignment probability
TWL is obtained by multiplying Hs and Ht, followed by the
normalization process (Line 4). We first adopt a ReLU activation
and then divide each term by the summation of all terms in
TWL. In this way, each element of the returned TWL denotes
the matching probability.

Although the prediction of WL is not as precise as GRAFT due
to its simplicity, as we will show in the following, it serves as the
prior knowledge for the OT-based component to boost matching
accuracy.

3) The Non-Uniform Marginal (NUM) Module: It improves
theGRAFTmodule by providing non-uniform marginals as prior
knowledge. We observe that OT-based approaches take two
marginal distributions onVs andVt as input, which is commonly
assumed to be uniformly distributed [5], [17], [19]. However,
graphs are typical non-Euclidean data where node distributions
are not i.i.d. A motivating example is shown in Fig. 3(a), where
both Gs and Gt contain two clusters and a hub node, respectively.
Suppose that the correspondence between nodes is consistent
with their shapes. If the pair of hubs is correctly aligned, it might
eliminate a large amount of impossible alignments. We formally
show that non-uniform marginals indeed enhance the expressive
power of GW learning for graph alignment with the following
theorem.

Theorem IV.3: Consider the case that (ui, vk) ∈M∗ and
(ui, vk′) /∈M∗. For GW learning (e.g., GRAFT), under the mild
assumption of the intra-graph cost, i.e.,

Cs(i, i) = a,∀ui,Ct(k, k) = b, ∀vk, (10)

Cs(i, j) = Cs(j, i),Ct(k, l) = Ct(l, k), ∀ui, uj , vk, vl, (11)

Ct(k, l) = Ct(k
′, l), ∀vl ∈ Vt\{vk, vk′ }, (12)

with uniform marginals μ = (1/n1, . . . , 1/n1)
ᵀ and ν =

(1/n2, . . . , 1/n2)
ᵀ, the first iteration of the GW learning process
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Algorithm 5: Non-Uniform Marginal (NUM).
Input: Embedding-based alignment probability TWL

Output: Two marginal distributions μ,ν
1: μ← TWL · 1n2

,ν ← Tᵀ
WL · 1n1

;
2: return μ,ν;

with T(0) = μνᵀ cannot determine whether ui is matched to vk
or vk′ .

Note that apart from feature transformation, which improves
model’s discriminative power via the first part of each term
of Cgwd(i, k), i.e., |Cs(i, j)−Ct(k, l)|2, we offer another
perspective by investigating the second term T(j, l). To solve
this problem, the following heuristics are provided to set non-
uniform marginals without extra computational costs.

A fixed prior inspired by WL: We use the prior knowledge
obtained from the WL test to set non-uniform marginals μ and
ν. Given the embedding-based alignment probability TWL,
the marginals are computed by row/column-wise summation
(shown in Algorithm 5).

Adaptive marginals during GW Learning: Recall that TWL

is obtained by non-learnable embeddings Hs and Ht, while the
GRAFTmodule yields more informative node representation Zs

and Zt through GW learning. Therefore, during each iteration
(i.e., Line 2) of Algorithm 3, we use the learnable representations
to compute an n1 × n2-sized matrix following Algorithm 4, and
take it as the input of Algorithm 5. The marginals are used to
initialize the proximal point method (i.e., Lines 8, 12 & 13 of
Algorithm 3) and are adjusted on the fly.

C. Ensuring Matching Properties (The Combine Module)

Motivation: As we have pointed out in Fig. 1(b) & (c) of
Section I, pure learning-based methods [5], [16], [17], [19],
[36] fail to guarantee alignment properties such as one-to-one
matching and mutual alignment, albeit that they can achieve
better practical accuracy than the traditional approaches [11],
[12], [13]. In contrast, existing studies (e.g., [23]) have demon-
strated real-world scenarios in which one-to-one node match-
ing needs to be ensured. The inconsistency in mutual align-
ment means that for a predicted matching (u, v) taking from
the row/column-wise maximum of the alignment probabilities,
we have arg maxyT(u, y) = v and arg maxxT(x, v) 	= u. This
contradicts the essence of graph alignment where aligned nodes
are paired up. We demonstrate in Fig. 4 that both problems are
prevalent on real-world datasets. Given the output of an algo-
rithm, we calculate the percentages of one-to-many predictions
and inconsistencies in terms of mutual alignment, and find that
a significant ratio of the predictions violates these alignment
properties.

We observe that maximum weight matching is a feasible
solution to this problem, which has been adopted by tradtional
approaches. It takes a bipartite graph with weighted edges as
input and finds a set of edges with maximum total weight on
the condition that selected edges do not share any endpoint (i.e.,
node). By constructing a bipartite graph from the node sets,
finding the maximum weight matching is equivalent to graph
alignment with the additional benefit of holding the matching

Fig. 4. Percentage of one-to-many predictions and inconsistencies in terms of
mutual alignment for representative baselines.

properties. The remaining challenge is to guarantee the accuracy
of the alignment. Intuitively, the edge weights determine the
alignment accuracy and should be close to the ground truth
alignment. Our solution, referred to as the Combine module,
tackles this problem by effectively combining both embedding
and OT-based alignment probabilities. Specifically, it includes
the following steps (Cf. Fig. 2).

Bipartite Graph Construction: To construct the bipartite
graph Gb, we set Vb = Vs ∪ Vt. Instead of building edges for
all node pairs, we observe that in most cases, the ground truth
is contained in the top-r predictions. As the GRAFT module
generally achieves better performance, for each node ui ∈ Gs,
we connect it to the nodes in Gt with top-r largest TGW (i, ·).
This step reduces the edge number from n1n2 to rn1 and
significantly improves practical efficiency.

Edge Weight Computation: We adopt the idea of ensemble
learning (more specifically, stacking) and see both embedding
and OT-based predictions as base learners. We employ a simple
yet effective parameter-free strategy to take the best of both
worlds and believe that it tends to obtain more accurate pre-
dictions, i.e., the edge weight being close to the ground truth
alignment. We consider the following concrete forms of edge
weights and use the “both confident” setting by default:
� “Both confident”: gEL(TWL,TGW ) = TWL �TGW ,
� “Simple average”:gEL(TWL,TGW )=(TWL+TGW)/2.
Maximum Weight Matching: Note that any maximum weight

matching algorithm with real-value weights (e.g., the modified
Jonker-Volgenant algorithm (MJV) [61]) can be invoked to solve
the problem. The pseudocode of the Combinemodule is shown
in Algorithm 6, which returns a set of (one-to-one) matched node
pairs instead of the alignment probabilities.

Theorem IV.4: With the Combine module, our algorithm
predicts a set of matched node pairs with desired properties,
including one-to-one matching and mutual alignment.

D. Algorithm Analysis and Optimization

1) Complexity Analysis: We discuss the complexity ofCom-
bAlign by analyzing each module in brief. Denote by n, m
the total number of nodes and edges in the graph, and d the
hidden dimension. The WL module takes O(K(md+ nd2) +
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Algorithm 6: The Combine Module.
Input: Embedding & OT-based outputs, TWL, TGW

Output: The combined predictionM
1: Construct bipartite graph Gb with Vb ← Vs ∪ Vt;
2: Construct Eb by row-wise top-r prediction of TGW ;
3: Eb.weight← gEL(TWL,TGW );
4: Compute the maximum weight matchingM for Gb;
5: returnM;

TABLE II
COMPARISON OF MODEL COMPLEXITY WITH STATE OF THE ART

n2 d) time, where the first term follows classical message-
passing GNNs and the second term correpsonds to the multipli-
cation of twon× d-sized embedding matrices. TheNUMmodule
only incurs O(n2) time for the matrix-vector multiplication.
The GRAFT module has the same asymptotic complexity with
SLOTAlign [17] since the additional feature transformation
only needs O(Kd2) time. To be more specific, for both the
GRAFT module and SLOTAlign, the cost computation of
GW learning is O(n3) per round according to [5], with an
inner-loop of Iot rounds for the Proximal Point Method. For
the Combine module, the bipartite graph construction step
takes linear time, and the complexity is dominated by max-
imum weight matching. Although classical algorithms [31],
[61], [62] typically need O(n3) time, note that our bipartite
graph only contains O(rn1) edges, which corresponds to the
sparse linear assignment problem withO(n2r) complexity [63].
This process can be further improved with faster matching
algorithms [64], [65]. In sum, the asymptotic complexity is
O(I(K(md+ nd2) + n2 d+ Iotn

3)), which is in the same or-
der as other optimal transport-based alignment methods [5],
[17], [18], [19]. In comparison, we also demonstrate the time
complexity of two representative methods in Table II. Note
that both embedding and OT-based methods need to iteratively
update the alignment probabilities, thus we use I to represent
the number of iterations.

2) Optimizations: According to our analysis, the asymptotic
complexity of CombAlign (and other OT-based approaches)
can be simplified to O(n3) since n dominates other inputs (i.e.,
I,K, and d). Unfortunately, a time complexity gap is observed
between embedding-based solutions [14], [15], [16] and Com-
bAlign, while the former only takes roughly O(n2) time. The
complexity bottleneck of OT arises from the GWD cost compu-
tation (i.e., Cgwd). According to [5], it can be reformalized as
Cgwd = C2

sμ1
ᵀ
n2

+ 1n1
νᵀC2

t − 2CsTCᵀ
t , reducing the com-

putational complexity from O(n4) to O(n3). (Note that the
square operation is element-wise.) Since only the third term has
a complexity of O(n3), we simplify the intra-graph cost design
by only utilizing the adjacency matrix, which leads to a AsTA

ᵀ
t

term. For real-world graphs, the adjacency matrix is sparse,
namely, the number of edges m is bounded by O(n log n) [66],

TABLE III
DATASETS AND THEIR STATISTICS

and it holds that m/n� d in practice (Cf. Section V). To
this end, multiplying two sparse matrices with a dense one
can be fulfilled in O(nm) = O(n log n) time. We also employ
powerful embedding learning models (e.g., [67]) in the GRAFT
module to alleviate the degradation of model expressiveness.
As shown in Table II, our optimized model successfully closes
the complexity gap between two categories of learning-based
approaches.

For large-scale graphs, such as those with millions of entities,
our algorithm can be easily integrated with a divide-and-conquer
strategy [68]: first partitioning the source and target graphs
into smaller subgraphs, then performing alignment among the
subgraphs, and finally aggregating the matching results (Cf.
Section V-B4).

V. EXPERIMENTS

We conduct a comprehensive experimental evaluation to an-
swer the following key research questions:
� Q1. Does CombAlign outperform the state of the art?
� Q2. How effective is each component of CombAlign?
� Q3. Is CombAlign capable of holding matching proper-

ties such as one-to-one matching and mutual alignment?
� Q4. How efficient and scalable is CombAlign?

A. Experimental Settings

Datasets: We mainly use the well-adopted datasets for unsu-
pervised graph alignment [5], [15], [16], [17], [19], including
three real-world datasets Douban Online-Offline [25], ACM-
DBLP [69], Allmovie-Imdb [14], and five synthetic ones, i.e.,
Cora [70], Citeseer [70], PPI [71], and two larger datasets CS
and Physics [72]. The statistics of the datasets are listed in
Table III, including the numbers of nodes (n1 and n2) and
edges (m1 and m2), and known anchors only for evaluation.
It is noteworthy that all ground-truth provided in Table III are
one-to-one node correspondences. We adopt two datasets with
one million nodes [68] for scalability analysis.
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TABLE IV
COMPARISON OF MODEL PERFORMANCE ON SIX DATASETS

Baselines: We compare CombAlign with traditional solu-
tions and representative embedding and OT-based models. For
traditional approaches, we include KNN and use parameter-free
GNNs to obtain node embeddings, based on which the top-k
similar node pairs across graphs are matched. We also adopt
the modified version of the Jonker-Volgenant algorithm [61]
(MJV) for the linear assignment problem, which returns one-
to-one alignment. We compare with representative embedding-
based models, including WAlign [15], GAlign [14] and
GTCalign [16], as well as OT-based models, i.e., GWL [5],
SLOTAlign [17], UHOT-GM [19] and HLOT [20]. (Refer to
Related Work for more details.) We omit other learning-based
methods (e.g., [18], [36]) as they have been surpassed by the
above baselines according to existing literature [5], [15], [16],
[17].

Evaluation Metrics: Following previous studies [15], [16],
[17], [19], we adopt Hits@kwithk = {1, 5, 10} and Mean Aver-
age Precision (MAP) to evaluate the model performance. Given
the ground truth M∗, for each (u, v) ∈M∗ with u ∈ Gs and
v ∈ Gt, we check if v belongs to the top-k predictions ordered
by alignment probability, denoted as Sk(u). Then, Hits@k is
computed as follows:

Hits@k =

∑
(u,v)∈M∗ 1[v ∈ Sk(u)]

|M∗| , (13)

where 1[·] is the indicator function which equals 1 if the con-
dition holds. MAP is employed to evaluate the accuracy of the
predicted node rankings:

MAP =

∑
(ui,vk)∈M∗

1
Rank(ui,vk)

|M∗| , (14)

where Rank(ui, vk) denotes the ranking of vk according to
T(i, ·) by descending order.

Implementation Details: For all baselines, we obtain the
source code from the authors and make sure that all baseline
models are tuned to the best performance. For datasets (e.g.,
Allmovie-Imdb) where some baselines do not use them in the
original paper, we perform the hyperparameter search to obtain
the best results. Our model is implemented based on PyTorch
1.12.1 and PyTorch Geometric. Specifically, for CombAlign,
we set the feature dimension d as 32 and the graph convolution
layers K as 3. The learning rates τβ and τW for updating β and
W are set to 1 and 0.01, respectively. We conduct experiments
on a high-performance computing server with a GeForce RTX
4090 GPU equipped with 24 GB of memory.

B. Experimental Results

1) Model Performance: CombAlign w/o the
Combine module (CombAlign w/o C). We first evaluate
the prediction accuracy following previous learning-based
settings [16], [17], specifically, the output is formulated as the
alignment probability matrix. As shown in Table IV, we use
the bold font to highlight the best results and underline the
second-best values.2 As for the baselines, note that GAlign
achieves the best performance on ACM-DBLP while UHOT-GM
has the highest accuracy on Allmovie-Imdb. For the Douban
dataset, GTCAlign and UHOT-GM are the two best baselines.
It can be concluded that neither OT-based methods nor
embedding solutions can consistently outperform the other.

2The reported figures are the average of five independent rounds, and we
omit the standard errors following most existing work because the prediction
accuracy is highly concentrated for this problem.
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TABLE V
COMPARISON OF HITS@1 WITH ONE-TO-ONE MATCHING CONSTRAINT

For the embedding-based algorithms, we note that there is
no exist a clear winner between GAlign and GTCAlign
on the real-world datasets, demonstrating the limitation of
the embedding-only heuristics in the unsupervised setting.
Nonetheless, both of them outperform WAlign, while the
training process of the latter encounters significant oscillations,
partially due to the challenges in training GANs [73]. For the
OT-based methods, in general, a more sophisticated design
of intra-graph costs with multiple terms (i.e., SLOTAlign)
and cross-modal comparison (i.e., UHOT-GM) result in better
practical accuracy.

For the CombAlign w/o C algorithm, in our experiments,
we adopt GCN [57] as the default GNN module in GRAFT and
WL. It consistently demonstrates superior performance across
all evaluation metrics on three real-world datasets, validating
the effectiveness of our model. Notably, on the Douban and
Allmovie-Imdb datasets, it achieves significant improvements in
Hits@1, with relative gains of 10.89% and 4.93%, respectively.
For the synthetic datasets, CombAlign w/o C also achieves
the highest performance.
CombAlign (w/ the Combine module). As presented in

Table V, we evaluateCombAlign against the baselines by forc-
ing the one-to-one matching constraint. Among the evaluated
methods, only MJV and CombAlign inherently ensure one-to-
one matching, as they directly output matched node pairs. For
other methods generating the alignment probability matrices, we
eliminate all one-to-many predictions by retaining the node pair
with the highest probability. (Also note that mutual alignment
is non-trivial to obtain for these methods.) It is observed that
these methods inevitably suffer from performance degradation
in this setting (Cf. Table IV), and the phenomenon is significant
on Douban and ACM-DBLP datasets.

In comparison, CombAlign consistently outperforms all
other methods. Notably, the substantial improvement of Com-
bAlign overMJV underscores the critical role of weight design
and demonstrates the effectiveness of the proposed ensemble
learning strategy. Compared to CombAlign w/o C, Com-
bAlign not only ensures one-to-one matching (and mutual
alignment) but also significantly enhances performance.

2) Ablation Study: To test the effectiveness of each module,
we progressively remove Combine, NUM, and feature transfor-
mation in GRAFT. The resulting model variants are as follows.
For CombAlign w/o C, we make predictions by TGW be-
cause it generally achieves higher accuracy by combining the

Fig. 5. Ablation study on three real-world datasets.

TABLE VI
THE PERFORMANCE (HITS@1) OF GRAFT WITH DIFFERENT GNNS

prior knowledge from WL. CombAlign w/o C+NUM further
eliminates the NUM and WL modules, therefore, the uniform
marginal is adopted. The CombAlign w/o C+NUM+FT vari-
ant removes feature transformation as well as feature propa-
gation, resulting in a model theoretically less expressive than
SLOTAlign.

We show the results of the ablation study in Fig. 5. It is clear
that all proposed modules have non-negligible contributions to
model accuracy. More specifically, theCombinemodule boosts
the accuracy on Douban (resp. ACM-DBLP) by more than
two percentage points. The non-uniform marginal and feature
transformation significantly improve the model performance.

3) Further Evaluation of Different Modules: We conduct a
more extensive investigation of the proposed modules.
GRAFT with different GNNs. According to the theoretical

results of Corollary IV.2, more expressive GNNs should lead
to better model accuracy. We employ the CombAlign w/o
C+NUM variant to test the lightweight GCN, GCN, and GIN
(Cf. Section IV-B1). We also include an efficient Graph Trans-
former [67] with even more expressive power. The results nicely
matches our theoretical conclusion (see Table VI).

Note that by default the GRAFT module uses GCN (e.g., for
Table IV). We also point out that the GIN variant in Table VI
has already outperformed all baselines shown in Table IV. We
believe there is still room for further improvement with more
powerful GNNs (and Graph Transformers).

Baselines with the Combine module: Next, we validate our
Combine module for improving existing OT-based solutions.
We substitute the GRAFT module with GWL, SLOTAlign and
UHOT-GM, and report the final prediction with Combine. As
shown in Table VII, all methods achieve a significant enhance-
ment of Hits@1, further validating the effectiveness of our
Combine module.
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Fig. 6. Running time vs. Hits@1 of different methods.

TABLE VII
IMPROVING OTHER OT-BASED MODELS W/ Combine (HITS@1)

TABLE VIII
THE RATIO OF THE REMAINING SET OVER GROUND TRUTH AFTER

ELIMINATING ONE-TO-MANY PREDICTIONS

Fig. 7. Further Evaluation. (a) Convergence. (b) Runtime of CombAlign
(Opt) vs. graph size. (c) and (d) represent the sensitivity analysis.

One-to-one matching property ofCombAlign: In Table VIII,
we show the ratio of the remaining set compared to the ground
truth set after eliminating one-to-many predictions for all model
variants ofCombAlign. This step is similar to that of Fig. 4 (see
Section IV-C), in which we demonstrate the ratio of one-to-many
predictions for our baselines. Consistent with our analysis,Com-
bAlign manages to return a set of node pairs with one-to-one
matching. Other variants of CombAlign also ensures higher
similarity between matched pairs compared to the baselines.

4) Convergence Analysis: We simultaneously visualize the
prediction accuracy and the model loss (i.e., Equation (1))
on three real-world datasets at different epochs, as shown
in Fig. 7(a). With the increase of epochs, the loss gradually
decreases to almost approaching zero, meanwhile, the Hits@1
value gradually converges.

5) Model Efficiency and Scalability: For efficiency analysis,
we compare the running time of all methods in Fig. 6 on five

TABLE IX
COMPARISON OF HITS@1 ON THE DATASETS WITH 1 MILLION NODES

datasets. It can be observed that KNN and MJV achieve the
highest efficiency but suffer from poor performance. Our opti-
mized algorithm, CombAlign (Opt), has the best efficiency
among all learning-based methods with better accuracy. More-
over, compared to the best-performing baselines, the speedup
is about 10×. Even the CombAlign algorithm outperforms
most baselines in terms of efficiency. This can be attributed
to the strong expressive power of our model, which facilitates
faster convergence. Note that the GW learning process takes the
majority of the time, while the additional costs of WL and Com-
bine modules are negligible. The fitted runtime curve versus
graph size (Fig. 7(b)) aligns with the algorithm’s quadratic time
complexity.

To test the model’s scalability on large-scale graphs, we
integrate our solution with a divide-and-conquer framework,
S3GA-RCF [68]. We first partition the source and target graphs
into smaller subgraphs and apply our model to the subgraphs,
and then aggregate the matching results. As shown in Table IX,
EN-FR and EN-DE represent two datasets with one million
nodes [68], where our model achieves higher accuracy with
comparable time cost, validating its effectiveness. It is worth
noting that the quality of the partitioning significantly affects
the overall accuracy.

6) Sensitivity Analysis: To examine the impact of dif-
ferent hyper-parameters, on three real datasets including
Douban, ACM-DBLP and Allmovie-Imdb, we analyze the
performance of CombAlign with different feature dims d ∈
{16, 32, 64, 128, 256} and the number of graph convolution
layers K ∈ {2, 3, 4, 5}, as illustrated in Fig. 7(c) and (d). In
general, the model performance is stable w.r.t. d. Meanwhile,
the accuracy declines when K exceeds 3, consistent with the
oversmoothing phenomenon of GNNs.

7) Robustness Analysis: To validate the model’s robustness,
we follow prior work [17], [19] and perturb varying proportions
of edges on three synthetic datasets. As shown in Fig. 8, in
which we select the representative method among traditional,
embedding-based and OT-based solutions, when we increase
the proportion of perturbed edges, the performance of all models
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Fig. 8. Noise vs. accuracy.

gradually decline. When the perturbation ratio is relatively low
(e.g., below 10%), all methods, including KNN, achieve rela-
tively high accuracy. Our model, CombAlign, demonstrates
stronger robustness even with a high noise level. In this case,
learning-based approaches demonstratre clear advantages over
traditional algorithms such as KNN even on these synthetic
datasets.

VI. CONCLUSION AND FUTURE WORK

In this paper, we formally investigate the model expressive-
ness for unsupervised graph alignment from two theoretical
perspectives. We characterize the model’s discriminative power
as correctly distinguishing matched and unmatched node pairs
across graphs and study the model’s capability of guarantee-
ing important matching properties including one-to-one node
matching and mutual alignment. Then, we propose a hybrid
model named CombAlign to combine the advantages of both
optimal transport and embedding-based solutions, which leads
to provably more discriminative power. Our method is further
empowered by ensembling both OT and embedding-based pre-
dictions with a traditional algorithm-inspired strategy, i.e., max-
imum weight matching, to guarantee the matching properties.
Extensive experiments demonstrate significant improvements
in alignment accuracy and the effectiveness of the proposed
modules. Moreover, our theoretical analysis of expressive power
is confirmed. For future work, we aim to enhance the model’s
efficiency on large-scale graphs.
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